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We describe how to assign an h-homogeneous space b(X,k) with a dense complete
subspace and of weight k to any strongly zero-dimensional metric space X of weight k.
We investigate the properties of such spaces and obtain the conditions when b(X1,k)
is homeomorphic to b(X2,k). The h-homogeneous separable space T which is a union
of B(ω) and a countable subspace was constructed by E. van Douwen. Similarly, the h-
homogeneous separable space S which is a union of B(ω) and a σ -compact subspace was
described by J. van Mill. These spaces are generalized for the non-separable case. We prove
that if Ind X = 0 and X = G ∪ L, where G is an absolute Gδ and L is of ﬁrst category, then
Xω is an h-homogeneous space. We consider certain cases when A× Xω is homeomorphic
to Xω providing A ⊂ Xω .
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
All topological spaces under discussion are metrizable and strongly zero-dimensional (i.e., Ind X = 0).
Let X be a space of weight k. In [1] we describe how to assign a unique h-homogeneous space h(X,k) of ﬁrst category
and of weight k to X . In the paper we shall construct a unique h-homogeneous space b(X,k) containing a dense complete
subspace and of weight k. Each of these spaces contains the space X as a closed subset. We shall show (see Theorem 7)
that the space b(X,k) can be represented as a union G ∪ H , where G is homeomorphic to the Baire space B(k) and H is
homeomorphic to h(X,k). But this union must be realized in a certain way. Clearly, the extensions h(X,k) and b(X,k) of X
have the Baire property.
To investigate under what conditions different spaces have the same b-homogeneous extension, the family PX of X-
scattered spaces is deﬁned. For a space X let PX = {Y : each nonempty closed set F ⊆ Y has a nonempty open (in F )
subset U ⊆ F such that U is homeomorphic to a closed subset of X}. Theorem 10 states that b(X1,k) ≈ b(X2,k) if and
only if X2 ∈ PX1 and X1 ∈ PX2 . In particular (see Theorem 6), for h-homogeneous spaces X1 and X2 of ﬁrst category
b(X1,k) ≈ b(X2,k) if and only if X1 ≈ X2. Let us point out an important Theorem 13 stating that b(X2,k2) contains
a nowhere dense closed copy of b(X1,k1) if ω k1  k2 and X1 is homeomorphic to a closed subset of X2.
We give the proofs of the theorems that were announced in [2]. More precisely, we show that X ≈ Q × X for a u-
homogeneous space X of ﬁrst category (see Corollary 1). Next, according to Theorem 14, each u-homogeneous space with
a dense complete subspace is h-homogeneous. Similar results were obtained by van Engelen [3] (but see Remark 4).
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some applications of the above theorems with respect to Borel sets. For example, by Theorem 8, b(X,k) ≈ B(k) for a
complete space X . Next, we prove (see Corollaries 2 and 3) that the Baire space B(k) is homogeneous with respect to dense
σ -discrete subsets and with respect to dense copies of Q (k) × C , where the space Q (k) is described before Theorem 2 and
C is the Cantor set. For the separable case van Engelen and van Mill (see [4, Corollary 3.4]) obtained that if A1 and A2 are
two dense copies of Q × C in B(ω), then there exists a homeomorphism f : B(ω) → B(ω) such that f (A1) = A2.
Van Engelen and van Mill (see [4, Theorem 4.1]) established that if A is a Borel subset of a compact metric space X ,
then A is not complete if and only if X contains a Cantor set K such that K ∩ A ≈ Q and K \ A ≈ B(ω). In [5] (announced
in [6]) we improved the last result to the following theorem.
Theorem 1. Let Y be an analytic subset of a complete space X,ω k w(X), and Z = X \Y . The following conditions are equivalent:
(1) Y cannot be represented in the form Y = Y1 ∪ Y2 , where Y1 is an Fσ -subset of X and Y2 ∈ σ LW (<k),
(2) Z cannot be represented in the form Z = Z1 \ Z2 , where Z1 is a Gδ-subset of X and Z2 ∈ σ LW (<k),
(3) there exists a closed subset M ⊆ X such that M ∩ Y ≈ B(k), M ∩ Z ≈ Q (k), and M ≈ C if k = ω; or M ≈ B(k) if k > ω.
E. van Douwen (see [4]) obtained that there exists a unique separable space T which is a union of a complete subspace
and a countable subspace and is nowhere σ -discrete and nowhere complete. J. van Mill [7] proved that there exists a
unique separable space S which is a union of a complete subspace and a σ -compact subspace and is nowhere σ -compact
and nowhere the union of a complete subspace and a countable subspace. Using Theorem 1, we modify descriptions of the
spaces T and S for the non-separable case and introduce the spaces T (k, τ ) = b(Q (τ ),k) and S(k, τ ) = b(Q (τ )×C,k) if ω
τ  k. In particular, T ≈ b(Q ,ω) and S ≈ b(Q × C,ω). In the same way we consider the space R(k, τ ) = b(Q (τ ) × B(ω),k).
Theorems 19, 20, and 21 give the external characteristics of the spaces T (k, τ ), S(k, τ ), and R(k, τ ).
We prove (announced in [2]) that Xω is an h-homogeneous space if X ⊆ B(k) has the Baire property (see Theorem 25).
Independently this result was obtained by van Engelen [3]. Using h-homogeneity of Xω , we describe some cases when
A × Xω is homeomorphic to Xω providing A is a subset of Xω . For example, we prove (see Corollary 13) that
(
T (k, τ )
)ω ≈ (S(k, τ ))ω ≈ (R(k, τ ))ω ≈ MII3(ω) × B(k).
In the paper we use (and modify to the non-separable case) some methods and concepts due to Stone, Hansell, Saint-
Raymond, van Mill, van Engelen, and Ostrovsky (see [4,8–11]). When X is an h-homogeneous space of ﬁrst category, some
properties of the b-homogeneous extension b(X,k) were obtained in [12].
The paper is organized as follows: in Section 2 we establish notation and recall some properties of h-homogeneous spaces
of ﬁrst category. In Section 3 we introduce the family PX of X-scattered spaces and the family B(X,k) of extensions of X
with a dense complete subspace. In this section we observe some simple properties of the spaces belonging to B(X,k).
Section 4 contains the main theorems concerning the existence and the uniqueness of spaces from B(X,k). In Section 5
we give the proof of h-homogeneity of a u-homogeneous space having a dense complete subspace. In Section 6 we describe
the conditions for embedding of the spaces Q (k) × C and Q (k) × B(ω) into extended Borel sets and investigate the spaces
T (k, τ ), S(k, τ ), and R(k, τ ). Section 7 is devoted to ω-powers of spaces and its subspaces.
2. Notation and some properties of h-homogeneous spaces
For all undeﬁned terms and notation see [13]. X ≈ Y means that X and Y are homeomorphic spaces. Let P be a
topological property. Then a space X is nowhere P if no nonempty open subset of X has property P . For topological
properties P1 and P2 we write X ∈ P1 ∪ P2 (or X ∈ P1 \ P2) if X = X1 ∪ X2 (or X = X1 \ X2), where X1 has property P1
and X2 has property P2. Of course, “unique” is “unique up to homeomorphism”.
We identify cardinals with initial ordinals; in particular, ω = {0,1,2, . . .}. The successor of a cardinal k is denoted by k+ .
For an inﬁnite cardinal k let B(k) = kω be the Baire space of weight k (see [13]). For a point x = (x0, x1, . . .) ∈ kω we
denote by x  n the n-tuple (x0, x1, . . . , xn−1). Let k0 = {Λ} and k1 = k. If t ∈ kn and tn ∈ k, then t tˆn = (t0, . . . , tn−1, tn) ∈ kn+1.
In particular, Λ tˆ = t if t ∈ k. For an n-tuple t ∈ kn we denote by Bt(k) the Baire interval {x ∈ kω: x  n = t}.
A set A ⊆ X is called of ﬁrst category (or meager) in X if it is a countable union of nowhere dense subsets of X . Clearly,
every set of ﬁrst category is contained in an Fσ -set of ﬁrst category. A space X is of ﬁrst category if it is of ﬁrst category in
itself. A subset A of X is said to have the Baire property if there is an open subset U of X such that the symmetric difference
AU is of ﬁrst category in X . One can check that A has the Baire property if and only if A can be represented as A = G ∪ F ,
where G is a Gδ-subset of X , F is of ﬁrst category in X , and G ∩ F = ∅. Clearly, open sets and meager sets have the Baire
property.
By a complete space we mean a topologically complete (strongly zero-dimensional metric) space, i.e., a completely metriz-
able space, i.e., an absolute Gδ . By Gδ we denote the family of such spaces. Let AFσ be the family of absolute Fσ -spaces.
A clopen set is a set which is both closed and open. A space X is called h-homogeneous if every nonempty clopen
subset of X is homeomorphic to X and Ind X = 0. An h-homogeneous space having a dense complete subspace is said to
be b-homogeneous. Each h-homogeneous space is homogeneous, but the converse does not hold. For example, if we delete
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with respect to weight (or weight-homogeneous) if w(U ) = w(X) for every nonempty open subset U of X . For a cardinal
k put Ek = {X: Ind X = 0 and X is a weight-homogeneous space of weight k}. A space X is called u-homogeneous if
every nonempty clopen subset of X contains a closed copy of X and Ind X = 0. Clearly, each h-homogeneous space is
u-homogeneous. If X is a u-homogeneous space, then X ∈ Ek for k = w(X).
For a family U of subsets of X let
⋃
U =⋃{U : U ∈ U } and meshU = sup{diam(U ): U ∈ U }. Next, if f : X → Y is
a mapping, then we write f (U ) = { f (U ): U ∈U }.
For a space X deﬁne a family LF (X) = {Y : each point y ∈ Y lies in some clopen neighborhood that is homeomorphic to
a closed subset of X}. A space Y ∈ σ LF (X) if Y =⋃{Yi: i ∈ ω}, where each Yi ∈ LF (X) and each Yi is a closed subset of Y .
In [14] we proposed to consider the space Q (k) = {(x0, x1, . . .) ∈ kω: ∃i ∀ j ( j  i ⇒ x j = 0)} as a non-separable analogue
of weight k for the space Q of rational numbers. Clearly, Q (ω) ≈ Q . A topological description of the space Q (k) is given
by the following theorem [14].
Theorem 2. Let X be a σ -discrete metric space of weight k that is homogeneous with respect to weight. Then X is homeomorphic
to Q (k).
Let us recall some properties of h-homogeneous spaces of ﬁrst category.
Theorem 3. Let X be a u-homogeneous space of ﬁrst category. If Y ∈ σ LF (X) and w(Y )  w(X), then Y is homeomorphic to a
nowhere dense closed subset of X . In particular, X contains a nowhere dense closed copy of itself.
Theorem 4. Suppose X and Y are h-homogeneous spaces of ﬁrst category such that w(X) = w(Y ), Y ∈ σ LF (X), and X ∈ σ LF (Y ).
Then X is homeomorphic to Y .
Corollary 1. Let X be a u-homogeneous space of ﬁrst category. Then X is an h-homogeneous space and X is homeomorphic to the
product Q × X.
Proof. h-Homogeneity of X follows from the Ostrovsky theorem [15, Proposition B]. By [12, Lemma 2.3], the product Q × X
of two h-homogeneous spaces is h-homogeneous. Since X ∈ σ LF (Q × X) and Q × X ∈ σ LF (X), Theorem 4 implies that
X ≈ Q × X . 
Remark 1. Theorem 3 was proved in [16]. This result is a deep generalization of the Frechet theorem stating that the
space Q is a universal space for all countable metrizable spaces. For example, consider a σ -discrete space Y of weight k.
Clearly, Y ∈ σ LF ({point}). From Theorem 3 it follows that every h-homogeneous space of ﬁrst category and of weight k
contains a closed copy of Y . In particular, Q (k) is a universal space for all σ -discrete metrizable spaces of weight k. The
last proposition was obtained in [14].
Theorem 4 was established in [12] (see also [1]). Corollary 1 was announced in [2]. For an h-homogeneous (instead of
u-homogeneous) space X Corollary 1 was observed in [12]. Independently, Corollary 1 was obtained by van Engelen [3].
Theorem 5 was proved in [1].
Theorem 5. Let X be a metric space of weight k and Ind X = 0. There exists a unique h-homogeneous space Z of ﬁrst category such
that w(Z) = k, Z ∈ σ LF (X), and each nonempty clopen subset of Z contains a closed copy of X .
Deﬁnition 1. The space Z that is constructed in Theorem 5 is called the h-homogeneous extension of weight k of the space X with
respect to spaces of ﬁrst category and is denoted by h(X,k). Brieﬂy, h(X,k) is the h-homogeneous extension of the space X .
3. b-Homogeneous extensions of spaces
For a space X we deﬁne the family PX = {Y : each nonempty closed set F ⊆ Y has a nonempty open (in F ) subset U ⊆ F
such that U is homeomorphic to a closed subset of X}. We also say that a space Y is X-scattered if Y ∈ PX . Obviously, always
X ∈ PX . Note that the family PX is hereditary in the sense that if Y ∈ PX then, for every nonempty closed subspace Y1 of Y ,
Y1 ∈ PX .
Example 1. Let X be a one-point set. Then Y ∈ PX if and only if Y is a scattered space.
Using the Stone theorem (see [11, Theorem 10]), we obtain:
Example 2. For the Cantor set C the family PC coincides with the family {Y : Ind Y = 0, Y ∈AFσ , and Y ∈Gδ}.
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Proof. Take a closed subset F ⊆ Z . By deﬁnition, there exist a nonempty open (in F ) subset U ⊆ F and a homeomorphism
f : U → A, where A is a closed subset of Y . Similarly, there exists a nonempty open (in A) subset V ⊆ A that is homeomor-
phic to a closed subset of X . Then f −1(V ) is an open subset of U and f −1(V ) is homeomorphic to a closed subset of X .
So, Z ∈ PX . 
Lemma 2. Let Ind X = 0. If Y ∈ PX , then Y ∈ σ LF (X) and Ind Y = 0.
Proof. According to the Stone theorem (see [11, Theorem 4′]), Y =⋃{Yi: i ∈ ω}, where each Yi is closed in Y and express-
ible as the union of a discrete family of closed sets belonging to PX . Then Y ∈ σ LF (X). Since Ind X = 0, the σ -locally ﬁnite
sum theorem (see [13, Theorem 7.3.5]) implies that Ind Y = 0. 
Deﬁnition 2. Take a cardinal kω and a space X of weight k. We say that a pair (Y ,G) belongs to the family B(X,k) if
the following conditions hold:
(a1) Ind Y = 0, G ≈ B(k), and G is a dense subset of Y ,
(a2) Y is nowhere locally compact,
(a3) for each nonempty clopen subset U of Y there exists a closed subset F of Y such that F ≈ X , F ⊂ U , and F ∩ G = ∅,
(a4) if F is a closed subset of Y such that F ∩ G = ∅, then F ∈ PX .
Remark 2. Let D be a dense countable subset of B(ω). Then G = B(ω) \ D ≈ B(ω). Since every countable complete space
has an isolated point, we see that the pair (B(ω),G) ∈ B(X,ω), where X is a one-point set. Next, take a dense countable
subset A of the Cantor set C . As above, the pair (C, C \ A) satisﬁes the conditions (a1)–(a4) except (a2). Obviously, C is not
homeomorphic to B(ω). The condition (a2) is included into the deﬁnition because we shall prove that the family B(X,k)
contains a unique element. Since every compact metric space is separable, (a2) is important only for the case k = ω. For
k > ω the condition (a2) always holds.
Clearly, B(X1,k) =B(X2,k) if X1 ≈ X2. From the deﬁnition of B(X,k) we immediately obtain the following two lem-
mas.
Lemma 3. Let (Y ,G) ∈B(X,k). Then:
(1) Y ∈ Ek and Y \ G is dense in Y ,
(2) (U ,G ∩ U ) ∈B(X,k) for every nonempty clopen subset U of Y .
Lemma 4. Suppose X1 is homeomorphic to a closed subset of X2 and X2 is homeomorphic to a closed subset of X1 . ThenB(X1,k) =
B(X2,k).
Lemma 5. Let G be a dense subset of Y and Y =⊕{Yα: α ∈ A}, where |A|  k. If each (Yα,G ∩ Yα) ∈ B(X,k), then (Y ,G) ∈
B(X,k).
Proof. By deﬁnition, each G ∩ Yα ≈ B(k). The Stone theorem [17] implies that ⊕{G ∩ Yα: α ∈ A} ≈ B(k). One can easily
check that (a1)–(a4) are satisﬁed. 
Theorem 6. Suppose that X1 and X2 are both h-homogeneous spaces of ﬁrst category and of weight k. If there exists a pair (Y ,G)
such that (Y ,G) ∈B(X1,k) and (Y ,G) ∈B(X2,k), then X1 ≈ X2 .
Proof. Since (Y ,G) ∈B(X2,k), by (a3), there is a closed subset F of Y such that F ≈ X2 and F ∩ G = ∅. On the other hand,
(Y ,G) ∈B(X1,k). From (a4) it follows that F ∈ PX1 . This means that there exists a nonempty clopen (in F ) subset U that
is homeomorphic to a closed subset of X1. Since X2 is an h-homogeneous space, U ≈ X2. Similarly, X2 contains a closed
subset that is homeomorphic to X1. Theorem 4 implies that X1 ≈ X2. 
Theorem 7. Let X be a space of weightk and (Y ,G) ∈B(X,k). Then Y \ G ≈ h(X,k).
Proof. Since G ∈Gδ , Y \ G is an Fσ -subset of Y . Then Y \ G =⋃{Fi: i ∈ ω}, where each Fi is a closed subset of Y . By (a4),
each Fi ∈ PX . By virtue of Lemma 2, Fi ∈ σ LF (X). A countable union of σ LF (X)-sets is a σ LF (X)-set (see [1, Lemma 3]).
Then Y \ G ∈ σ LF (X). By Lemma 3, Y \ G ∈ Ek . According to (a3), each clopen subset U of Y contains a closed subset F
such that F ≈ X and F ⊂ Y \ G . From Theorem 5 it follows that Y \ G ≈ h(X,k). 
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Proof. As in the proof of Theorem 7 we obtain that Y \ G = ⋃{Yi: i ∈ ω}, where each Yi is locally Gδ-set. By the
Montgomery theorem (see [13, Problem 4.5.8]), each Yi is complete. Then Y \ G and Y are both absolute Gδσ . Assume
that Y /∈ Gδ . By Theorem 1, Y contains a closed copy F of the space Q of rational numbers. Since G ∈ Gδ , the intersection
F ∩ G either has an isolated point, or is empty. In both cases there exists a closed subset F1 ⊆ F such that F1 ≈ Q and
F1 ∩ G = ∅. The condition (a4) implies that F1 has a nonempty clopen subset that is homeomorphic to a closed subset of
the complete space X , a contradiction with the Baire category theorem. Hence, Y ∈Gδ . Since Y ∈ Ek , the Stone theorem [17]
implies that Y ≈ B(k) in the case k > ω.
Now, let k = ω. By (a2), the space Y is nowhere locally compact. From the Alexandroff and Urysohn theorem (see [13,
Exercise 6.2.A]) it follows that Y ≈ B(ω). 
Example 3. Let A be a dense σ -discrete subspace of the Baire space B(k). Then B(k) \ A ≈ B(k). Since every σ -discrete
complete space has an isolated point, one can easily veriﬁes that the pair (B(k), B(k) \ A) ∈B(X,k), where X is a one-point
set.
Example 4. Let D be a dense subspace of B(k) and D ≈ Q (k) × C , where k  ω. Since D is an Fσ -subset of ﬁrst category
of B(k), G = B(k) \ D ≈ B(k). From h-homogeneity of Q (k) × C (see [1, Theorem 14]) it follows that U ∩ D ≈ D for any
clopen U ⊂ B(k). Then U ∩ D contains a closed copy of C . Take a closed subset F of B(k) satisfying F ⊆ D . Then F ∈Gδ and
F ∈AFσ . Example 2 implies that F ∈ PC . Thus, the pair (B(k),G) ∈B(C,k).
Moreover, take an uncountable compact space Z . Then Z contains a closed copy of C . Since C is a universal space for
compact (zero-dimensional metric) spaces, Lemma 4 implies that (B(k),G) ∈B(Z ,k).
Remark 3. Examples 3 and 4 show that if we take different dense subsets G1 and G2 of the space Y , we may receive that
(Y ,G1) ∈B(X1,k) and (Y ,G2) ∈B(X2,k) for different spaces X1 and X2. Thus, the choice of a dense subset G of Y has an
inﬂuence on the belonging of the pair (Y ,G) to the family B(X,k). This conclusion also follows from Theorem 8.
4. Main theorems
We shall use the Stone construction of kernels (see [11]). Fix a space X . For a space Y deﬁne a transﬁnite sequence
{Kα(Y , X)} of subsets of Y as follows: K0(Y , X) = Y ; Kα(Y , X) = Kβ(Y , X) \⋃{U ⊆ Kβ(Y , X): U is open in Kβ(Y , X) and
U is homeomorphic to a closed subset of X} if α = β + 1; Kα(Y , X) =⋂{Kβ(Y , X): β < α} if α is a limit ordinal. Clearly,
K0(Y , X) ⊃ K1(Y , X) ⊃ · · · , each Kα(Y , X) is closed in Y , and each difference Kα(Y , X)\ Kα+1(Y , X) ∈ LF (X). The decreasing
transﬁnite sequence {Kα(Y , X)} must become ultimately constant; for some α∗ we thus have Kα∗ (Y , X) = Kα∗+1(Y , X).
Then Kα∗ (Y , X) is denoted by K (Y , X). It is the largest closed subset of Y which is nowhere PX . We say that K (Y , X)
is the non-X-scattered kernel of Y . Stone (see [11]) proved that Y ∈ PX ⇔ K (Y , X) = ∅. The smallest ordinal α∗ such that
Kα∗ (Y , X) = ∅ is called the X-rank of the set Y .
When the space X is can be understood from the context, we abbreviate Kα(Y , X) to Yα .
Lemma 6. Let (Y ,G) ∈B(X,k). Then:
(1) Y is embeddable in the Baire space B(k) as a dense subset,
(2) every nonempty clopen subset V ⊆ Y can be represented as the union of a discrete family of k nonempty clopen (in Y ) subsets.
Proof. We ﬁrst consider the case k = ω. By the Urysohn theorem, Y is homeomorphic to a subset Y1 of the Cantor set C .
Since Y has no isolated points, by the Brouwer theorem the closure Y1 ≈ C . According to the condition (a2), Y1 is nowhere
locally compact. Then every clopen (in Y1) subset U ⊆ Y1 has a point x(U ) ∈ U \ Y1. Take a countable base {Un: n ∈ ω}
for Y1. By virtue of the Alexandroff and Urysohn theorem the set Z = Y1 \ (⋃{x(Un): n ∈ ω}) is homeomorphic to B(ω).
Clearly, Y1 is a dense subset of Z . Then Y is homeomorphic to a dense subset of B(ω).
Let k > ω. Since Ind Y = 0, we can assume that Y is a subset of the Baire space B(k) (see [13, Theorem 7.3.15]). As a
closed subset of B(k), the closure Y ∈Gδ . Using the condition Y ∈ Ek , by the Stone theorem (see [17, Theorem 1]) we have
Y ≈ B(k). Hence, Y is homeomorphic to a dense subset of B(k).
In both cases the ﬁrst part of the lemma is proved.
Now, let Y be a dense subset of B(k), where kω. Take a point y ∈ V . There is a number n such that B yn(k) ∩ Y ⊆ V .
Since Y is dense in B(k), for each t ∈ k the intersection B(yn)ˆ t(k) ∩ Y is nonempty. The family {Bs(k) ∩ V : s ∈ kn+1} is as
required. 
Theorem 9. Let X be a space of weight k, (Y ,G) ∈ B(X,k), Z ∈ PX , and w(Z)  k. Then any nonempty clopen subset E ⊆ Y
contains a nowhere dense closed subset F such that F ⊂ E, F ≈ Z , and F ∩ G = ∅.
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spaces (Y ,
) and (Z ,
), where 
 is the usual metric on B(k). We shall prove the theorem by transﬁnite induction on the
X-rank of Z .
Let K1(Z , X) = Z1 = ∅. Each point z ∈ Z has a neighborhood that is homeomorphic to a closed subset of X . Since
Ind Z = 0, there exists a discrete clopen cover {Uγ : γ ∈ Γ } of Z such that |Γ |  k and each Uγ is homeomorphic to a
closed subset of X . By Lemma 6, choose a discrete clopen cover {Vγ : γ ∈ Γ } of E of cardinality |Γ |. From (a3) it follows
that each Vγ contains a closed copy Fγ of Uγ with Fγ ∩ G = ∅. Put F =⋃{Fγ : γ ∈ Γ }. Clearly, F is closed in E , F ≈ Z ,
and F ∩ G = ∅. Since G ∩ E is a dense subset of E , F is nowhere dense in E (and in Y ).
Assume that the theorem is true for every space Z ∈ PX whose X-rank is smaller than α∗ .
Let Kα∗ (Z , X) = Zα∗ = ∅ for α∗ = α + 1, where α  1. By the induction assumption, there exists a nowhere dense closed
subset Fˆ of E such that Fˆ ≈ Zα and Fˆ ∩ G = ∅. Fix a homeomorphism h0 : Zα → Fˆ . By construction, Zα is a nowhere dense
closed subset of Z . Then there exists a retraction rZ : Z → Z with rZ (Z) = Zα . Take a retraction rE : E → E with rE (E) = Fˆ .
For each i ∈ ω we construct inductively families Ui = {Ui(γ ): γ ∈ Γi} of disjoint clopen subsets of Z and Vi =
{Vi(γ ): γ ∈ Γi} of disjoint clopen subsets of E such that:
(1) U0 = {Z} and V0 = {E};
(2)
⋃
Ui is clopen in Z and
⋃
Vi is clopen in E;
(3)
⋂{⋃Ui: i ∈ ω} = Zα and ⋂{⋃Vi: i ∈ ω} = Fˆ ;
(4) meshUi  i−1 and meshVi  i−1 for i  1;
(5) each U ∈Ui+1 is contained in some U∗ ∈Ui and each V ∈Vi+1 is contained in some V ∗ ∈Vi ;
(6) for each U ∈Ui the set U = U \⋃Ui+1 is nonempty and clopen in Z and for each V ∈Vi the set V = V \⋃Vi+1
is nonempty and clopen in E;
(7) h0(Ui(γ ) ∩ Zα) = Vi(γ ) ∩ Fˆ for each γ ∈ Γi .
Deﬁne U0 and V0 as in (1). Let Γ0 = {Λ}. Now suppose U j , V j , and Γ j have been deﬁned for j  i. Fix γ ∈ Γi . For
simplicity, let U = Ui(γ ), V = Vi(γ ), and ε = (i + 1)−1. Take a disjoint clopen (in U ∩ Zα ) cover W1 of U ∩ Zα with
meshW1  ε and a disjoint clopen (in V ∩ Fˆ ) cover W2 of V ∩ Fˆ with meshW2  ε. The nonempty intersections {A ∩ B:
A ∈ W1, B ∈ h−10 (W2)} form the disjoint clopen cover W of U ∩ Zα with meshW  ε. Then h0(W ) is the same cover
of V ∩ Fˆ . The ε-ball about U ∩ Zα contains a clopen (in Z ) subset BU such that U ∩ Zα ⊂ BU . Since Zα is nowhere dense in Z ,
we may assume that the set U = U \ BU is nonempty. Put WU = {BU ∩ r−1Z (W ): W ∈ W }. It is clear that meshWU  ε.
Similarly, the ε-ball about V ∩ Fˆ contains a clopen (in E) subset BV such that V ∩ Fˆ ⊂ BV and V = V \ BV = ∅. Let
WV = {BV ∩ r−1E (W ): W ∈ h0(W )}.
Deﬁne Ui+1 = {WU : U ∈ Ui} and Vi+1 = {WV : V ∈ Vi}. By construction, we can take a set Γi+1 of indexes such
that Ui+1 = {Ui+1(γ ): γ ∈ Γi+1}, Vi+1 = {Vi+1(γ ): γ ∈ Γi+1}, and (7) is satisﬁed. Clearly, meshUi+1  (i + 1)−1 and
meshVi+1  (i + 1)−1. This completes the induction.
By construction, we have Z = Zα ∪ (⋃{Ui(γ ): γ ∈ Γi, i ∈ ω}) and E = Fˆ ∪ (⋃{Vi(γ ): γ ∈ Γi, i ∈ ω}).
Now, Ui(γ ) ∩ Zα = ∅ for each i ∈ ω and γ ∈ Γi . Hence, the X-rank of Ui(γ ) is smaller than α∗ . By the induction
assumption, the set Vi(γ ) contains a nowhere dense closed subset Fi(γ ) such that Fi(γ ) ≈ Ui(γ ) and Fi(γ )∩G = ∅. Fix
a homeomorphism hi,γ : Ui(γ ) → Fi(γ ). By construction, the set F = Fˆ ∪ (⋃{Fi(γ ): γ ∈ Γi, i ∈ ω}) is nowhere dense and
closed in E . Clearly, F ∩ G = ∅. Deﬁne a mapping h : Z → F as follows: h(z) = h0(z) if z ∈ Zα ; h(z) = hi,γ (z) if z ∈ Ui(γ ).
We claim that h is a homeomorphism. Since Ui(γ ) ∩ U j(β) = ∅ whenever (i, γ ) = ( j, β), h is well deﬁned. Clearly,
h is a bijection. Since each Ui(γ ) is clopen in Z and each Fi(γ ) is clopen in F , the restriction h|(Z \ Zα) is a local
homeomorphism. Take a point z ∈ Zα . Let V be a neighborhood of the point y = h(z) ∈ Fˆ . By (3) and (4) there exist i ∈ ω
and γ ∈ Γi such that y ∈ Vi(γ ) ⊆ V . Using (7), we obtain that the set Ui(γ ) = h−1(Vi(γ ) ∩ F ) is open in Z and z ∈ Ui(γ ).
Thus, h is continuous at z. Similarly, h−1 is continuous at any point y ∈ Fˆ .
So, the required set F is constructed in the case of a non-limit ordinal α∗ .
Now, let Zα∗ = ∅ for a limit ordinal α∗ . Since Ind Z = 0, the open cover {Z \ Zβ : β < α∗} of Z has a discrete clopen
reﬁnement {Uγ : γ ∈ Γ } such that |Γ | k and for each γ the X-rank of Uγ is smaller than α∗ . By Lemma 6 take a discrete
clopen cover {Vγ : γ ∈ Γ } of E of cardinality |Γ |. By the induction assumption, each Vγ contains a nowhere dense closed
copy Fγ of Uγ with Fγ ∩ G = ∅. Then F =⋃{Fγ : γ ∈ Γ } is the required set. 
Theorem 10. Suppose that X1 and X2 are spaces of weightk. ThenB(X1,k) =B(X2,k) ⇔ X2 ∈ PX1 and X1 ∈ PX2 .
Proof. Consider a pair (Y ,G) ∈B(X1,k) =B(X2,k). By (a3), the space Y contains a closed subset F such that F ≈ X1 and
F ∩ G = ∅. From (a4) it follows that X1 ∈ PX2 . Similarly, X2 ∈ PX1 .
Conversely, take a pair (Y ,G) ∈B(X1,k). Let us verify that (Y ,G) ∈B(X2,k). Since X2 ∈ PX1 , from Theorem 9 it follows
that each nonempty clopen subset of Y contains a closed subset F such that F ≈ X2 and F ∩ G = ∅. Thus, (a3) holds.
The condition (a4) follows from Lemma 1. The conditions (a1) and (a2) are obvious. A check of the inverse inclusion is
similar. 
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where i ∈ {1,2}, and f0 : A1 → A2 be a homeomorphism. Then f0 can be extended to a homeomorphism f : Y1 → Y2 such that
f (G1) = G2 .
Proof. By virtue of Lemma 6, we may consider Yi as a dense subset of the Baire space B(k) for i ∈ {1,2}. Below we deal
with the metric spaces (Y1,
) and (Y2,
), where 
 is the usual metric on B(k). Fix a homeomorphism χi : Bi → Gi , where
Bi is a copy of B(k). Since Gi is dense in Yi and Gi ∈ Gδ , we see that Yi \ Gi =⋃{Fi(n): n ∈ ω}, where each Fi(n) is a
nowhere dense closed subset of Yi and Fi(n) ∩ Fi(m) = ∅ whenever n =m. Without loss of generality, Ai = Fi(0).
Let i ∈ {1,2} and n ∈ ω. We shall construct inductively index sets Γn , families Vni = {Vi(μ): μ ∈ Γn} of clopen subsets
of Yi , nowhere dense closed subsets Yi(n) of Yi , homeomorphisms fn : Y1(n) → Y2(n), and bijections ψn : Vn1 → Vn2 such
that the following conditions hold for each μ ∈ Γn:
(b1) Yi(n) = Yi \ (⋃Vn+1i ) and Yi(n) ∩ Gi = ∅;
(b2) Yi(n − 1) ∪ Fi(n) ⊂ Yi(n);
(b3) diam(χ−1i (Vi ∩ Gi)) (n + 1)−1 and diam Vi  (n + 1)−1 for each Vi ∈ Vni ;
(b4) Vi(μ) ∩ Vi(μ′) = ∅ whenever μ = μ′ for μ′ ∈ Γn;
(b5) the set Yi(μ) = Yi(n) ∩ Vi(μ) is nonempty, but Yi(n) ∩ Vi(μ′) = ∅ for μ′ ∈ Γn+1;
(b6) Yi(μ) = Vi(μ) \ (⋃{Vi(μ′): μ′ ∈ Γn+1, Vi(μ′) ∩ Vi(μ) = ∅});
(b7) fn(Y1(μ)) = Y2(μ) and the restriction of fn to Yi(n − 1) coincides with fn−1;
(b8) ψn(V1(μ)) = V2(μ).
Let n = 0 and i ∈ {1,2}. We put Γ0 = {Λ}, V0i = {Yi}, Yi(0) = Yi(Λ) = Ai = Fi(0), ψ0 : V01 → V02 is deﬁned by the
rule ψ0(Y1) = Y2, and the homeomorphism f0 : Y1(0) → Y2(0) is given under the conditions of the theorem. Clearly,
χ−1i (Yi ∩ Gi) = Bi and diam(Bi) = 1.
The ﬁrst step is slightly differed from the following steps. Let us obtain a set Γ1, families V1i = {Vi(μ): μ ∈ Γ1}, and a
bijection ψ1 : V11 → V12 . By the Stone theorem (see [17, Theorem 3]), take a retraction ri : Yi → Yi with ri(Yi) = Ai . Using [13,
Theorem 7.3.1], for every j ∈ ω we can construct a cover Z ji = {Z ji (γ ): γ ∈ Γ ( j)} of Ai by disjoint clopen (in Ai) subsets of
diameter at most ( j+1)−1 such that Z j+1i reﬁnes Z ji and f0(Z j1(γ )) = Z j2(γ ) for each γ ∈ Γ ( j). Note that each r−1i (Z ji (γ ))
is a clopen subset of Yi and each Z
j




i (γ )). For every γ ∈ Γ (0) put Ui(0, γ ) =
r−1i (Z
0
i (γ )) and choose a clopen subset Uˆ i(0, γ ) such that Z
0
i (γ ) ⊂ Uˆ i(0, γ ) ⊂ Ui(0, γ ) and Ui(0, γ ) \ Uˆ i(0, γ ) = ∅.
By induction on j ∈ ω, we obtain clopen sets Ui( j, γ ) and Uˆ i( j, γ ) satisfying the following conditions for every j ∈ ω
and γ ∈ Γ ( j):
(1) Z ji (γ ) ⊂ Uˆ i( j, γ ) ⊂ Ui( j, γ ) and Ui( j, γ ) \ Uˆ i( j, γ ) = ∅,
(2) Ui( j, γ ) ∩ Ui( j, γ ′) = ∅ whenever γ = γ ′ for γ ′ ∈ Γ ( j),
(3) Ui( j + 1, γ ′) = Uˆ i( j, γ ) ∩ r−1i (Z j+1i (γ ′)) if Z j+1i (γ ′) ⊆ Z ji (γ ) for γ ′ ∈ Γ ( j + 1),
(4) Uˆ i( j, γ ) lies in the ( j + 1)−1-ball about Z ji (γ ) and diam(Ui( j, γ )) ( j + 1)−1.
Deﬁne Γ1 = {( j, γ ): j ∈ ω, γ ∈ Γ ( j)}. Now, we write μ instead of ( j, γ ). Let V1i = {Vi(μ): μ ∈ Γ1}, where Vi(μ) =
Ui(μ) \ Uˆ i(μ) for i ∈ {1,2}.
Point out an important property of the family {Ui(μ): μ ∈ Γ1}:
(∗) for each point yi ∈ Yi(0) there exists a unique sequence {U˜ ji (yi): j ∈ ω} such that U˜ ji (yi) = Ui(μ) for some μ ∈ Γ1 and⋂{U˜ ji (yi): j ∈ ω} = {yi}.
Deﬁne a bijection ψ1 : V11 → V12 by the rule ψ1(V1(μ)) = V2(μ) if μ ∈ Γ1.
Suppose that the families Vm+1i , the sets Yi(m), the index sets Γm+1, the homeomorphisms fm : Y1(m) → Y2(m), and the
bijections ψm+1 : Vm+11 → Vm+12 have been deﬁned for m n and i ∈ {1,2}.
Fix Vi ∈ Vn+1i for i ∈ {1,2}; let Vi = Vi(μ) for a μ ∈ Γn+1. By the induction assumption, ψn+1(V1) = V2. Take the smallest
number m such that Vi ∩ Fi(m) = ∅. Then Fi = Vi ∩ Fi(m) is a nowhere dense closed subset of Yi such that Fi ∩ Gi = ∅.
The nonempty sets from the family {(Vi \ Fi) ∩ Bs(k): s ∈ kn+1} forms the discrete cover Oi of Vi \ Fi by open subsets
of diameter at most (n + 2)−1. Similarly, the nonempty sets from the family {(χ−1i (O i ∩ Gi)) ∩ Bs(k): O i ∈ Oi, s ∈ kn+1}
forms the discrete cover O˜i of χ−1i (Vi ∩ Gi) by clopen subsets of diameter at most (n + 2)−1. According to the Kuratowski
theorem (see [13, Problem 4.5.1]), we can ﬁnd a disjoint family Oˆi of open subsets of Vi \ Fi such that the families χi(O˜i)
and {Oˆ i ∩ Gi: Oˆ i ∈ Oˆi} coincide. Clearly, mesh Oˆi  (n+ 2)−1. Since Gi ∩ Vi is dense in Vi and (Gi ∩ Vi) ⊂⋃ O˜i ⊆ (Vi \ Fi),
Fˆ i = Vi \ (⋃ Oˆi) is a nowhere dense closed subset of Vi satisfying Fˆ i ∩ Gi = ∅ and Fi ⊆ Fˆ i . Take a nonempty clopen subset
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such that F˜ i ≈ Fˆ3−i and F˜ i ∩ Gi = ∅. Then Yi(μ) = Fˆ i ∪ F˜ i is a nowhere dense closed subset of Vi = Vi(μ). Clearly, we can
choose a homeomorphism fμ : Y1(μ) → Y2(μ) for the μ ∈ Γn+1.
As above, for i ∈ {1,2} take a retraction ri : Vi → Vi with ri(Vi) = Yi(μ). For every j ∈ ω we can construct a cover
Z ji = {Z ji (γ ,μ): γ ∈ Γ ( j,μ)} of Yi(μ) by disjoint clopen (in Yi(μ)) subsets of diameter at most ( j + 1)−1 such that Z j+1i
reﬁnes Z ji and fμ(Z j1(γ ,μ)) = Z j2(γ ,μ) for each γ ∈ Γ ( j,μ).
For every γ ∈ Γ (0,μ) put Ui(0, γ ,μ) = r−1i (Z0i (γ ,μ)) and choose a clopen subset Uˆ i(0, γ ,μ) such that Z0i (γ ,μ) ⊂
Uˆ i(0, γ ,μ) ⊂ Ui(0, γ ,μ) and Ui(0, γ ,μ) \ Uˆ i(0, γ ,μ) = ∅. By induction on j ∈ ω, we obtain clopen sets Ui( j, γ ,μ) and
Uˆ i( j, γ ,μ) satisfying the following conditions for every j ∈ ω and γ ∈ Γ ( j,μ):
(c1) Z ji (γ ,μ) ⊂ Uˆ i( j, γ ,μ) ⊂ Ui( j, γ ,μ) and Ui( j, γ ,μ) \ Uˆ i( j, γ ,μ) = ∅,
(c2) Ui( j, γ ,μ) ∩ Ui( j, γ ′,μ) = ∅ whenever γ = γ ′ for γ ′ ∈ Γ ( j,μ),
(c3) Ui( j + 1, γ ′,μ) = Uˆ i( j, γ ,μ) ∩ r−1i (Z j+1i (γ ′,μ)) if Z j+1i (γ ′,μ) ⊆ Z ji (γ ,μ) for γ ′ ∈ Γ ( j + 1,μ),
(c4) Uˆ i( j, γ ,μ) lies in the ( j + 1)−1-ball about Z ji (γ ,μ) and diam(Ui( j, γ ,μ)) ( j + 1)−1.
Put Vi( j, γ ,μ) = Ui( j, γ ,μ)\ Uˆ i( j, γ ,μ) for j ∈ ω, γ ∈ Γ ( j,μ). Deﬁne a mapping ψμn+1 by the rule ψμn+1(V1( j, γ ,μ)) =
V2( j, γ ,μ). By construction, we observe the following properties for any μ ∈ Γn+1 and i ∈ {1,2}:
(μ1) Yi(μ) = Vi(μ) \ (⋃{Vi( j, γ ,μ): j ∈ ω, γ ∈ Γ ( j,μ)}) and Yi(μ) ∩ Gi = ∅,
(μ2) Vi( j, γ ,μ) ∩ Vi( j′, γ ′,μ) = ∅ whenever ( j, γ ) = ( j′, γ ′),
(μ3) for each point yi ∈ Yi(μ) there exists a unique sequence {U˜ ji (yi): j ∈ ω} such that U˜ ji (yi) = Ui( j, γ ,μ) for some
γ ∈ Γ ( j,μ) and ⋂{U˜ ji (yi): j ∈ ω} = {yi}.
Let Γn+2 = {μ(ˆ j, γ ): j ∈ ω, γ ∈ Γ ( j,μ), μ ∈ Γn+1}. Then the families Vn+2i = {Vi(ν): ν ∈ Γn+2} and {Vi( j, γ ,μ):
j ∈ ω, γ ∈ Γ ( j,μ), μ ∈ Γn+1} coincide. Deﬁne a bijection ψn+2 : Vn+21 → Vn+22 by the rule ψn+2(V1(ν)) = ψμn+1(V1( j, γ ,
μ)) = V2(ν) if ν = μ(ˆ j, γ ) ∈ Γn+2.
Let Yi(n+1) = Yi(n)∪ (⋃{Yi(μ): μ ∈ Γn+1}) for i ∈ {1,2}. Clearly, Fi(n+1) ⊂ Yi(n+1). The condition (b1) for n′ = n+1
follows from the induction assumptions and (μ1). Hence, Yi(n + 1) is a nowhere dense closed subset of Yi . We deﬁne
the mapping fn+1 : Y1(n + 1) → Y2(n + 1) by the rule fn+1(y) = fn(y) if y ∈ Y1(n); or fn+1(y) = fμ(y) if y ∈ Y1(μ)
for μ ∈ Γn+1. We claim that fn+1 is a homeomorphism. Indeed, one readily sees that fn+1 is a bijection. Take a point
y ∈ Y1(n + 1). If y ∈ Y1(μ) for some μ ∈ Γn+1, the restriction fn+1|Y1(μ) = fμ is a homeomorphism. From (b4) and
(b5) it follows that Yi(μ) is a clopen subset of Yi(n + 1) for i ∈ {1,2}. Hence, fn+1 is continuous at the point y. Now,
let y ∈ Y1(n). Take an ε-ball B( fn+1(y), ε) about fn+1(y) in Y2. Let m be the smallest number such that y ∈ Y1(m). Then
fn+1(y) = fm(y) ∈ Y2(m). By (b5) we have fm(y) ∈ Y2(ν) for a unique ν ∈ Γm . Choose j with ( j+1)−1 < ε. By (c4) and (μ3),
there exists γ ∈ Γ ( j, ν) such that fm(y) ∈ U2( j, γ , ν) ⊆ B( fn+1(y), ε). By construction, the inverse image f −1n+1(U2( j, γ , ν)∩
Y2(n + 1)) = U1( j, γ , ν) ∩ Y1(n + 1) is a clopen (in Y1(n + 1)) neighborhood of y. Therefore, fn+1 is a continuous mapping
at the point y. Similarly, f −1n+1 is continuous at any point y ∈ Y2(n+1). Thus, fn+1 is a homeomorphism. This completes the
induction.
From (b1) and (b2) it follows that Yi \ Gi = ⋃{Yi(n): n ∈ ω} for i ∈ {1,2}. Hence, Gi = ⋂{⋃Vni : n ∈ ω}. Take any
decreasing sequence ξi = {V ni : n ∈ ω} of sets V ni ∈ Vni . By (b3) and the Cantor theorem (see [13, Theorem 4.3.8]), the
intersection {χ−1i (V ni ∩ Gi): n ∈ ω} is nonempty; it consists of the point bξi ∈ Bi . Clearly, χi(bξi ) ∈
⋂{V ni : n ∈ ω}. Next,
according to (b4) and (b6), for each point yi ∈ Gi there exists a unique sequence ξi(yi) = {V ni (yi): n ∈ ω} of neighborhoods
of yi such that V 0i (yi) ⊃ V 1i (yi) ⊃ · · · , V ni (yi) ∈ Vni , and
⋂{V ni (yi): n ∈ ω} = {yi}. Then χi(bξi(yi)) = yi . If the sequence
ξ2 = {ψn(V n1 ): n ∈ ω} is assigned to a sequence ξ1 = {V n1 : n ∈ ω}, then we write ξ2 = ψ(ξ1). Deﬁne the mapping g : G1 → G2
by the rule g(y1) = y2 if ξ2(y2) = ψ(ξ1(y1)). By construction, g is a bijection between G1 and G2.
Let the mapping f : Y1 → Y2 be given by f (y) = g(y) for y ∈ G1 and by f (y) = fn(y) for y ∈ Y1(n), n ∈ ω. According
to (b1) and (b7), the deﬁnition of f is well deﬁned. Clearly, f is a bijection. To check that f is a homeomorphism we
distinguish two cases. For a point y ∈ Y1 \ G1 ﬁnd the smallest number n such that y ∈ Y1(n). Then f (y) = fn(y) ∈ Y2(n).
Take an ε-ball B( f (y), ε) about f (y) in Y2. By (b4) and (b5), we have f (y) ∈ Y2(μ) for a unique μ ∈ Γn . Choose j with
( j + 1)−1 < ε. By (c4) and (μ3), there exists γ ∈ Γ ( j,μ) such that f (y) ∈ U2( j, γ ,μ) ⊆ B( f (y), ε). By construction, the
inverse image f −1(U2( j, γ ,μ)) = U1( j, γ ,μ) is a clopen neighborhood of y. Therefore, f is a continuous mapping at the
point y. Now, let y ∈ G1. For any ε > 0 we can choose a number n such that (n+1)−1 < ε. By (b1) and (b4), there is a unique
μ ∈ Γn such that f (y) ∈ V2(μ). (b3) implies that V2(μ) ⊆ B( f (y), ε). Since f −1(V2(μ)) = V1(μ) is a clopen neighborhood
of y, f is continuous at the point y. Similarly, f −1 is continuous at any point y ∈ Y2. Thus, f is a homeomorphism and
f (G1) = G2. 
Corollary 2. Let Q 1 and Q 2 be dense subspaces of B(k) such that Q 1 ≈ Q 2 ≈ Q (k). Then there exists a homeomorphism f : B(k) →
B(k) such that f (Q 1) = Q 2 .
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Corollary 3. Let D1 and D2 be dense subspaces of B(k) such that D1 ≈ D2 ≈ Q (k) × C . Then there exists a homeomorphism
f : B(k) → B(k) such that f (D1) = D2 .
Proof. The corollary follows from Example 4 and Theorem 11. 
Theorem 12. For each space X of weightk there exists a unique pair (Y ,G) ∈B(X,k). Moreover, Y is an h-homogeneous space.
Proof. Let X ⊂ B(τ ), where w(X) = τ . For t = (t0, . . . , ti−1) ∈ τ i , i ∈ ω, we deﬁne a translation mapping ψt : B(τ ) → B(τ )
by the rule ψt(x) = (t0, . . . , ti−1, x0, x1, . . .). In particular, ψΛ is an identity mapping for i = 0. Clearly, X ≈ ψt(X) for any
t ∈ τ i . Denote by Xi the union ⋃{ψt(X): t ∈ τ i}, where i ∈ ω.
Let D0 = {(0,0, . . .)}. For any i ∈ ω, i = 0, take a metrically discrete set
Di =
{
d = (d0,d1, . . .) ∈ kω: di−1 = 0, di = di+1 = · · · = 0
}
.
The set D =⋃{Di: i ∈ ω} is dense in B(k). Clearly, Di ∩ D j = ∅ whenever i = j. For any i ∈ ω take the subset Zi = Xi × Di
of the product B(τ ) × B(k). Then Zi ∩ Z j = ∅ whenever i = j. Let Z =⋃{Zi: i ∈ ω}, G = B(τ ) × (B(k) \ D), and Y = Z ∪ G .
By the Stone theorem, G ≈ B(k). Note that each Zi is a nowhere dense closed subset of Y . By construction, Z and G are
disjoint dense subsets of Y .
Denote by U itα the intersection Y ∩ (Bt(τ )× Bα(k)) if i ∈ ω, t ∈ τ i , and α ∈ ki . Then the family {U itα: i ∈ ω, t ∈ τ i, α ∈ ki}
forms a σ -discrete base for Y .
Let us verify the conditions (a2) and (a3). Take a nonempty clopen subset U ⊆ Y . There exists U jtα such that α j−1 = 0
and U jtα ⊂ U . Take a point b ∈ Bα(k)\ D . Then Bt(τ )×{b} ≈ B(τ ) is a closed non-compact subset of U . Hence, Y is nowhere
locally compact. The intersection F = U jtα ∩ Z j is a closed subset of U (and of Y ). By construction, F = ψt(X) ≈ X and
F ∩ G = ∅.
Let us check (a4). Take a closed subset F ⊂ Y such that F ∩ G = ∅. The closure F of F in B(τ ) × B(k) is complete.
Since F \ F ⊂ (B(τ ) × D), we have F =⋃{Fi: i ∈ ω}, where each Fi = F ∩ (B(τ ) × Di) is a closed subset of B(τ ) × B(k)
and Fi ∩ F j = ∅ whenever i = j. If we assume that each Fi is nowhere dense in F , we give a contradiction with the Baire
category theorem. Hence, the interior of some Fm in F is nonempty. This means that there is a clopen set U
j
tα satisfying
U jtα ∩ F = U jtα ∩ Fm = ∅ and j  m. Then U jtα ∩ F is a nonempty clopen subset of F . On the other hand, U jtα ∩ F is
homeomorphic to a closed subset of ψtm(X). So, F ∈ PX and (Y ,G) ∈B(X,k).
Consider another pair (Y1,G1) ∈B(X,k). Let A be a point from Y \ G and A1 be a point from Y1 \ G1. Put f0(A1) = A.
According to Theorem 11, f0 can be extended to a homeomorphism f : Y1 → Y such that f (G1) = G . h-Homogeneity of Y
follows from Lemma 3. 
Deﬁnition 3. We say that the pair (Y ,G) is the canonical element of the family B(X,k) providing (Y ,G) is constructed as in
the proof of Theorem 12. The space Y is called the b-homogeneous extension of weight k of the space X and denoted by b(X,k).
Theorem 13. Let X1 be a closed subset of X2 , w(X1)  k1 , w(X2)  k2 , k1  k2 , and (Y2,G2) ∈ B(X2,k2). Then there exists a
nowhere dense closed subset Y1 of Y2 such that the pair (Y1, Y1 ∩ G2) ∈B(X1,k1).
Proof. We shall modify the proof of Theorem 12. Let X ⊂ B(τ ), where τ = w(X). For t = (t0, . . . , ti−1) ∈ τ i , i ∈ ω, we deﬁne
a translation mapping ψt : B(τ ) → B(τ ) by the rule ψt(x) = (t0, . . . , ti−1, x0, x1, . . .). In particular, ψΛ is an identity mapping
for i = 0. Clearly, Xl ≈ ψt(Xl) for any t ∈ τ i , where l ∈ {1,2}. Denote by Xli the union
⋃{ψt(Xl): t ∈ τ i}.
For l ∈ {1,2} and i ∈ ω take a metrically discrete subset Dli = {d ∈ kωl : di−1 = 0, dm = 0 for m  i} of the Baire space
B(kl). In particular, Dl0 contains the one point (0,0, . . .). Note that D
l
i ∩ Dlj = ∅ whenever i = j. By construction, Dl =⋃{Dli: i ∈ ω} is dense in B(kl). Let us unite the sequences {D1i × D20: i ∈ ω} and {D1i × D2i : i  1} into the sequence of
sets D̂0, D̂1, . . . . Clearly, each D̂i is a metrically discrete subset of B(k1) × B(k2). The union Dˆ =⋃{D̂i: i ∈ ω} is a σ -
discrete dense subset of B(k1) × B(k2). By the Stone theorem the difference (B(k1) × B(k2)) \ Dˆ is homeomorphic to B(k2).
Then G2 = B(τ ) × ((B(k1) × B(k2)) \ Dˆ) is homeomorphic to B(k2). Similarly, the product G1 = B(τ ) × (B(k1) \ D1) × D20 is
homeomorphic to B(k1).
For i ∈ ω consider subsets Z∗i = X1i ×D1i ×D20 and Zi = X2i ×D1i ×D2i of the product B(τ )× B(k1)× B(k2). By construction,
Z∗i ∩ Z∗j = ∅ and Zi ∩ Z j = ∅ whenever i = j. Deﬁne Z∗ =
⋃{Z∗i : i ∈ ω} and Z = Z∗ ∪ (
⋃{Zi: i  1}). Then Z ⊆ B(τ ) × Dˆ .
Now, put Y1 = Z∗ ∪ G1 and Y2 = Z ∪ G2. Since Y1 = Y2 ∩ (B(τ ) × B(k1) × D20) and D20 is a nowhere dense closed subset
of B(k2), we see that Y1 is a nowhere dense closed subset of Y2, Z∗ = Y1 ∩ Z , and G1 = Y1 ∩ G2.
As in the proof of Theorem 12 we obtain that the pair (Y1,G1) ∈B(X1,k1). Let us show that (Y2,G2) ∈B(X2,k2).
For i ∈ ω, t ∈ τ i , α ∈ ki1, and β ∈ ki2 denote by U itαβ the intersection Y2 ∩ (Bt(τ ) × Bα(k1) × Bβ(k2)). The family of
all such sets forms a σ -discrete base for Y2. Each nonempty clopen subset U ⊆ Y2 contains some U j with α j−1 = 0,tαβ
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and F ∩ G2 = ∅. So, the condition (a3) is satisﬁed.
Let us verify (a4). Take a closed subset F ⊂ Y2 such that F ∩ G2 = ∅. The closure F of F in B(τ ) × B(k1) × B(k2) is
complete. Since F \ F ⊂ (B(τ ) × Dˆ), we have F =⋃{Fi: i ∈ ω}, where each Fi = F ∩ (B(τ ) × D̂i) is a closed subset of
B(τ ) × B(k1) × B(k2). Some Fi may be empty. One easily check that Fi ∩ F j = ∅ whenever i = j. If we assume that each
Fi is nowhere dense in F , we give a contradiction with the Baire category theorem. Hence, the interior of some Fm in F is
nonempty. This implies that there is a clopen set U jtαβ satisfying U
j
tαβ ∩ F = U jtα ∩ Fm = ∅ and j m. Then U jtαβ ∩ F is a
nonempty clopen subset of F . On the other hand, U jtαβ ∩ F is homeomorphic to a closed subset of ψtm(X2). So, F ∈ PX2 .
We ﬁnish the prove of the theorem for the canonical element (Y2,G2) of B(X2,k2). If take another pair (Y ∗2 ,G∗2) ∈
B(X2,k2), the theorem follows from Theorem 12. 
Corollary 4. Let w(X)  k1  k2 and (Y2,G2) ∈ B(X,k2). Then there exists a nowhere dense closed subset Y1 of Y2 such that the
pair (Y1, Y1 ∩ G2) ∈B(X,k1). In particular, Y2 contains a nowhere dense closed copy of itself.
Proof. The corollary follows from Theorem 13 if we take X = X1 = X2. 
Corollary 5. Let w(X) k1  k2 and (Y ,G) ∈B(X,k2). Then there exists a nowhere dense closed subset F of Y such that F ≈ B(k1),
F ∩ G ≈ B(k1), and F \ G ≈ Q (k1).
Proof. The corollary follows from the proof of Theorem 13 if we take X2 = X , X1 = {point}, and F = Y1. 
5. u-Homogeneous spaces with a dense complete subspace
In this section we give the proofs of theorems that were announced in [2]. We shall show that if X is a u-homogeneous
space with a dense complete subspace, then (X,G∗) ∈B(X∗,k) for some subspaces G∗ and X∗ of X , where k = w(X). This
allows us to apply the above results with respect to X . Corollary 7 states that we can ﬁnd such a dense subspace G∗ ⊂ X
that (X,G∗) ∈B(X,k).
Theorem 14. Let X be a u-homogeneous space with a dense complete subspace. Then X is an h-homogeneous space and X contains a
nowhere dense closed copy of itself.
Proof. For a complete space X the theorem holds because X is homeomorphic to a one from the following spaces: a point,
the Cantor set C , the Baire space B(k), where k = w(X).
Now, let X be a non-complete space of weight k. Then X is nowhere locally compact and X ∈ Ek . Denote by G0 a dense
complete subspace of X . Clearly, F0 = X \ G0 is a dense Fσ -subset of X and F0 is of ﬁrst category. Take a σ -discrete base B
for X consisting of clopen subsets of X . Under the conditions of the theorem, for each U ∈ B there exists a homeomorphic
embedding fU : X → U such that fU (X) is a closed subset of U . Deﬁne inductively the sequence of sets {Fn: n ∈ ω} by
the rule Fn+1 = Fn ∪ (⋃{ fU (Fn): U ∈ B}). Then each Fn is an Fσ -subset of X as a countable union of locally Fσ -subsets
of X . Similarly, each Fn is of ﬁrst category. Put F ∗ =⋃{Fn: n ∈ ω}. Then F ∗ is a dense Fσ -subset of X of ﬁrst category.
By construction, fU (F ∗) ⊂ F ∗ for each U ∈ B. Since the Baire category theorem holds for X (see [13, Exercise 4.3.C]),
G∗ = X \ F ∗ is a dense Gδ-subset of X . By the Stone theorem [17], G∗ ≈ B(k). Let F ∗ =⋃{Xi: i ∈ ω}, where each Xi is a
nowhere dense closed subset of X . Without loss of generality, X0 ⊆ X1 ⊆ · · · . Put X∗ =⊕{Xi: i ∈ ω}.
Let us show that (X,G∗) ∈ B(X∗,k). The checking of the conditions (a1) and (a2) is trivial. Take a nonempty clopen
subset V ⊆ X . Since V is nowhere locally compact, V =⊕{Vi: i ∈ ω}, where each Vi is a nonempty clopen subset of V .
For every Vi we can ﬁnd a clopen subset Ui ⊆ Vi such that Ui ∈ B. Then Vi contains the closed subset fUi (Xi). Hence, V
contains a closed copy X∗V of X∗ with X∗V ∩ G∗ = ∅. So, the condition (a3) is satisﬁed.
Next, consider a closed subset F ⊂ X such that F ∩ G∗ = ∅. Assume that F \ Xi = ∅ for each i ∈ ω. Choose a complete
metric 
 on G∗ bounded by 1. Let V0 = X . Since X0 is a nowhere dense closed subset of X and F \ X0 = ∅, there exists a
clopen subset V1 ⊂ V0 of X such that V1 ∩ X0 = ∅, V1 ∩ F = ∅, and the 
-diameter of V1 ∩ G∗ is less than 2−1. Similarly,
we can ﬁnd a decreasing sequence {Vi: i ∈ ω} of clopen subsets of X such that diam(Vi ∩ G∗) < (i + 1)−1, Vi+1 ∩ Xi = ∅,
and Vi ∩ F = ∅. By virtue of the Cantor theorem the intersection V ∗ =⋂{Vi ∩ G∗: i ∈ ω} is nonempty. By construction,
V ∗ ∩ F ∗ = ∅. On the other hand, V ∗ ⊂ F because F is closed in X , a contradiction with F ∩ G∗ = ∅. Then there exists a j
such that F ⊆ X j . This implies that F ∈ PX∗ . The condition (a4) is veriﬁed.
So, (X,G∗) ∈ B(X∗,k). Theorem 12 implies that X is an h-homogeneous space. From Corollary 4 it follows that X
contains a nowhere dense closed copy of itself. 
Corollary 6. If a space X has a dense complete subspace, then Xω is an h-homogeneous space.
Proof. From the deﬁnition of the Tychonoff topology it follows that each nonempty clopen set of Xω contains a nowhere
dense closed subset that is homeomorphic to Xω . Theorem 14 implies that Xω is an h-homogeneous space. 
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complete subspace G∗ ⊂ X such that (X,G∗) ∈B(X,k).
Proof. Take a σ -discrete base B for X consisting of clopen subsets of X . By Theorem 14, X contains a nowhere dense
closed copy of itself. Then for each U ∈ B there exists a nowhere dense closed subset FU of U such that FU ≈ X . The union
F ∗ =⋃{FU : U ∈ B} is a dense Fσ -subset of X of ﬁrst category. Since the Baire category theorem holds for X , G∗ = X \ F ∗
is a dense Gδ-subset of X . By the Stone theorem [17], G∗ ≈ B(k). One can easily veriﬁes that (X,G∗) ∈B(X,k). 
Theorem 15. Suppose that a space Xi has a dense complete subset and each nonempty clopen set Ui ⊆ Xi contains a closed subset Fi
such that Fi ≈ X3−i , where i ∈ {1,2}. Then X1 is homeomorphic to X2 .
Proof. Under the conditions of the theorem, X1 and X2 are u-homogeneous spaces of the same weight k.
Clearly, X1 is complete ⇔ X2 is complete. One can easily veriﬁes that the theorem holds for complete spaces X1 and X2.
Now, let X1 and X2 be non-complete spaces. By Corollary 7, for i ∈ {1,2} we can ﬁnd a dense complete subspace G∗i of
Xi such that (Xi,G∗i ) ∈B(Xi,k). Choose one-point sets A1 ⊂ X1 \ G∗1 and A2 ⊂ X2 \ G∗2. Put f0(A1) = A2. From Lemma 4 it
follows that (X2,G∗2) ∈B(X1,k). According to Theorem 11 there exists a homeomorphism f : X1 → X2. 
Corollary 8. Let X1 and X2 be closed subsets of a space Z with Ind Z = 0. Suppose that Xi has a dense complete subspace and every
nonempty clopen subset of Xi contains a closed copy of Z , where i ∈ {1,2}. Then X1 ≈ X2 .
Proof. The corollary follows from Theorem 15. 
Remark 4. Theorems 14 and 15 were announced in [2]. Independently, Theorem 14 and Corollary 6 were obtained by van
Engelen [3]. But the proof of [3, Theorem 4.3] has a gap. Namely, let U be a nonempty clopen subset of X , G be a dense
complete subset of X , and F be a closed copy of X that is contained in U . Proving the theorem, van Engelen used that
F ∩ G = U ∩ G . However, this condition is not included in the deﬁnition of a u-homogeneous space.
Theorem 16. Suppose that X1 and X2 are both b-homogeneous spaces of weight k. If there exists a pair (Y ,G) such that (Y ,G) ∈
B(X1,k) and (Y ,G) ∈B(X2,k), then X1 ≈ X2 .
Proof. Since (Y ,G) ∈B(X2,k), by (a3), there is a closed subset F of Y such that F ≈ X2 and F ∩ G = ∅. On the other hand,
(Y ,G) ∈ B(X1,k). From (a4) it follows that F ∈ PX1 . This means that there exists a nonempty clopen (in F ) subset U that
is homeomorphic to a closed subset of X1. Since X2 is an h-homogeneous space, U ≈ X2. Hence, X1 contains a closed copy
of X2. Similarly, X2 contains a closed subset that is homeomorphic to X1. Theorem 15 implies that X1 ≈ X2. 
6. Spaces T (k, τ ), S(k, τ ), and R(k, τ )
In this section, by using the above theorems, we shall construct some h-homogeneous Borel sets having dense complete
subspaces. This requires theorems about embedding of certain spaces into absolute Borel sets.
Let us recall that Y is an analytic set (or A-set) in a space X if Y can be expressed in the form Y =⋃{⋂{F (t  i):
i ∈ ω}: t ∈ ωω} for some family {F (t  i): i ∈ ω, t ∈ ωω} of closed subsets of X . Hansell [9] deﬁned the family of extended
Borel sets of a space X to be the smallest σ -algebra of subsets of X , containing the opens sets, and closed with respect to
unions of discrete subfamilies. The extended Borel sets of a separable space coincide with the classical Borel sets. Hansell
obtained that each extended Borel set is analytic.
We say that a space X is σ -locally of weight <k (in symbols, X ∈ σ LW (<k)) if X =⋃{Xi: i ∈ ω}, where each Xi (in its
relative topology) is locally of weight <k. In particular, X ∈ σ LW (<ω) if it is a σ -discrete space.
The following two theorems were announced in [6] and proved in [18] (see also [19]). Note that in these theorems X
might not be a zero-dimensional space.
Theorem 17. Let Y be an extended Borel subset of a complete space X, ω  k  w(X), and Z = X \ Y . The following conditions are
equivalent:
(1) Y cannot be represented in the form Y = (F ∪ L) \ D, where F is an Fσ -subset of X , L ∈ σ LW (<k), and D is a σ -discrete space,
(2) Z cannot be represented in the form Z = D ∪ (G \ L), where D is a σ -discrete space, G is a Gδ-subset of X , and L ∈ σ LW (<k),
(3) there exists a closed subset M ⊆ X such that M ∩ Y ≈ B(k), M ∩ Z ≈ Q (k) × C , and M ≈ C if k = ω; or M ≈ B(k) if k > ω.
Theorem 18. Let Y be an extended Borel subset of a complete space X, ω  k  w(X), and Z = X \ Y . The following conditions are
equivalent:
(1) Y cannot be represented in the form Y = (F ∪ L) \ D, where F is an Fσ -subset of X , L ∈ σ LW (<k), and D is an absolute Fσ -set,
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(3) there exists a closed subset M ⊆ X such that M ∩ Z ≈ Q (k) × B(ω) and IndM = 0. Moreover, M ≈ B(k) if k > ω.
Theorems 17 and 18 for the compact metric space X were obtained by F. van Engelen and J. van Mill (see [4]).
Lemma 7. Let (Y ,G) ∈B(Z ,k) for a space Z and X be an h-homogeneous space of ﬁrst category. Let F be a closed subset of Y which
is homeomorphic to X. Then there exists a closed subset F ∗ ⊂ F such that F ∗ ∩ G = ∅ and F ∗ ≈ X.
Proof. If F ∩ G = ∅, we take F ∗ = F .
Let F ∩ G = ∅. From the Baire category theorem it follows that the intersection F ∩ G is nowhere dense in F . Then the
closure F ∩ G is a nowhere dense closed subset of F . Hence, we can ﬁnd a nonempty clopen (in F ) subset F ∗ ⊂ F such that
F ∗ ∩ F ∩ G = ∅. By the deﬁnition of an h-homogeneous space, we have F ∗ ≈ F ≈ X . 
Lemma 8. ([20]) Let X be a metric space of ﬁrst category and w(U ) k for every nonempty open subset U of X. Then X contains a
closed subset that is homeomorphic to Q (k).
Theorem 19. Let ω τ  k. There exists a unique strongly zero-dimensional space T (k, τ ) satisfying the following conditions:
(t1) T (k, τ ) = G ∪ L, where G ≈ B(k) and L is a σ -discrete subspace,
(t2) T (k, τ ) ∈Gδ \ σ LW (<τ+),
(t3) T (k, τ ) is nowhere Gδ \ σ LW (<τ) and nowhere σ -discrete.
Proof. By virtue of Theorem 12, it suﬃces to show that the pair (T (k, τ ),G) ∈B(Q (τ ),k).
Clearly, T (k, τ ) is an absolute Borel set. Replacing L by L \ G if this is necessary, we may assume that G ∩ L = ∅. From
(t1) and (t3) it follows that G and L are dense subsets of T (k, τ ). Then T (k, τ ) ∈ Ek . Theorem 1 and (t3) imply that every
nonempty clopen set U ⊆ T (k, τ ) contains a closed subset F such that F ≈ Q (τ ). By Lemma 7, there is a closed subset
F ∗ ⊆ F such that F ∗ ∩ G = ∅ and F ∗ ≈ Q (τ ). So, the condition (a3) is satisﬁed.
Let us verify (a4). Take a closed subset F ⊂ T (k, τ ) with F ∩ G = ∅. Assume that the non-Q (τ )-kernel F ∗ of F is
nonempty. Clearly, F ∗ is a σ -discrete space. Since every σ -discrete space of weight τ is homeomorphic to a closed subset
of Q (τ ) (see Remark 1), we conclude that F ∗ is locally of weight >τ . Lemma 8 implies that F ∗ contains a closed copy
of Q (τ+). By Theorem 1 we have that T (k, τ ) /∈ Gδ \ σ LW (<τ+), a contradiction with (t2). So, F ∗ = ∅ and F is a Q (τ )-
scattered space. 
Theorem 20. Let ω τ  k. There exists a unique strongly zero-dimensional space S(k, τ ) satisfying the following conditions:
(s1) S(k, τ ) = G ∪ L, where G ≈ B(k) and L is an absoluteFσ ,
(s2) S(k, τ ) ∈Gδ \ σ LW (<τ+),
(s3) S(k, τ ) is nowhere σ LW (<ω) ∪ (Gδ \ σ LW (<τ)) and nowhere of ﬁrst category.
Proof. Put A = S(k, τ ) = G ∪ L. According to Theorem 12, it is enough to show that the pair (A,G) ∈B(Q (τ ) × C,k).
Replacing L by L \ G if this is necessary, we may assume that G ∩ L = ∅. By (s3), A is nowhere Gδ . Then L is dense
in A. Assume that a clopen (in A) subset U ⊆ L. Then U ∈ AFσ . By the Stone theorem (see [13, Problem 4.5.7]), U can
be represented as a countable union of closed locally compact subspaces. Since A is nowhere locally compact, we conclude
that U is of ﬁrst category, a contradiction with (s3). Then G is dense in A. Theorem 17 and (s3) imply that every nonempty
clopen set U ⊆ A contains a closed subset F ≈ Q (τ )× C . By Lemma 7, there is a closed subset F ∗ ⊆ F such that F ∗ ∩ G = ∅
and F ∗ ≈ Q (τ ) × C . So, the conditions (a1)–(a3) are satisﬁed.
Let us verify (a4). Take a closed subset F ⊂ A with F ∩G = ∅. Assume that the non-Q (τ )×C-kernel F ∗ of F is nonempty.
As a closed subset of F , F ∗ is an absolute Fσ and, by the Stone theorem, F ∗ can be represented as a countable union of
closed locally compact subspaces. Then F ∗ ∈ σ LF (C). According to Theorem 3, each clopen subset V of F ∗ with w(V )τ
is homeomorphic to a closed subset of Q (τ ) × C . We therefore conclude that F ∗ is locally of weight >τ . Since F ∗ ∈AFσ
and F ∗ is nowhere locally compact, we obtain that F ∗ is of ﬁrst category. By Lemma 8 F ∗ contains a closed copy of Q (τ+).
From Theorem 1 it follows that A /∈ Gδ \ σ LW (<τ+), a contradiction with (s2). So, F ∗ = ∅ and F is a Q (τ ) × C-scattered
space. 
Theorem 21. Let ω τ  k. There exists a unique strongly zero-dimensional space R(k, τ ) satisfying the following conditions:
(r1) R(k, τ ) = G ∪ (⋃{Li: i ∈ ω}), where G ≈ B(k), each Li is a closed subset of R(k, τ ), and each Li is a complete locally separable
space,
(r2) R(k, τ ) ∈Gδ \ σ LW (<τ+),
(r3) R(k, τ ) is nowhereAFσ ∪ (Gδ \ σ LW (<τ)) and nowhere of ﬁrst category.
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Put L =⋃{Li: i ∈ ω}. Using Theorem 18, as in the proof of Theorem 20 we can verify that (R(k, τ ),G) satisﬁes the
conditions (a1)–(a3).
Take a closed subset F ⊂ R(k, τ ) with F ∩ G = ∅. Assume that the non-Q (τ ) × B(ω)-kernel F ∗ of F is nonempty. Since
every complete separable space is homeomorphic to a closed subset of B(ω), we obtain F ∗ ∈ σ LF (B(ω)). According to
Theorem 3, each clopen subset V of F ∗ with w(V )τ is homeomorphic to a closed subset of Q (τ ) × B(ω). Then F ∗ is
locally of weight >τ and of ﬁrst category. By Lemma 8 F ∗ contains a closed copy of Q (τ+). From Theorem 1 it follows
that R(k, τ ) /∈Gδ \ σ LW (<τ+), a contradiction with (r2). So, F ∗ = ∅ and F is a Q (τ ) × B(ω)-scattered space. It remains to
apply Theorem 12. 
Corollary 9. All spaces T (k, τ ), S(k, τ ), and R(k, τ ) are h-homogeneous.
Since Q (τ )× B(ω) contains a closed copy of Q (τ )× C and Q (τ )× C contains a closed copy of Q (τ ), from Theorem 13
we immediately obtain:
Theorem 22. Let ω τ1  k1  k2 and τ1  τ2  k2 . Then:
(1) T (k1, τ1) is homeomorphic to a nowhere dense closed subset of T (k2, τ2),
(2) S(k1, τ1) is homeomorphic to a nowhere dense closed subset of S(k2, τ2),
(3) R(k1, τ1) is homeomorphic to a nowhere dense closed subset of R(k2, τ2),
(4) T (k1, τ1) is homeomorphic to a nowhere dense closed subset of S(k2, τ2),
(5) S(k1, τ1) is homeomorphic to a nowhere dense closed subset of R(k2, τ2).
Remark 5. Let us verify that the van Douwen space T (see Introduction) is homeomorphic to our space T (ω,ω). In the
case k = τ = ω the condition (t1) coincides with the condition “T is a union of a complete subspace and a countable
subspace”. The condition (t3) coincides with the condition “T is nowhere σ -discrete and nowhere complete” because
Gδ \ σ LW (<ω) = Gδ . The condition (t2) means that T is embeddable as a dense subset into B(ω). In the same way
one can check that S ≈ S(ω,ω).
7. h-Homogeneity in ω-powers of spaces with the Baire property
Recall that we deal with the strongly zero-dimensional metric spaces.
In [1] we proved the following theorem and corollary.
Theorem 23. Let X be an h-homogeneous space of ﬁrst category. Then for any space Y the product Z = X × Yω is an h-homogeneous
space of ﬁrst category.
Furthermore, if X × X ≈ X, then F × Z ≈ Z for any Fσ -subset F of Z .
Corollary 10. Let F be an Fσ -subset of Xω , where X is any space. If Xω is a space of ﬁrst category, then Xω is an h-homogeneous
space and F × Xω ≈ Xω .
Theorem 24. Let {Xi: i ∈ ω} be a sequence of spaces and X =∏{Xi: i ∈ ω}. Suppose that for each i there exists a j such that j > i
and X j contains a closed copy of Xi . If X is a space of ﬁrst category or X contains a dense complete subspace, then X is h-homogeneous.
Proof. Take a member U of the canonical base for X . Then U = U1×· · ·×Un×∏{Xi: i > n} for some n, where Ui is an open
subset of Xi if i  n. Under the conditions of the theorem we can ﬁnd a sequence {ni: i ∈ ω} such that n < n0 < n1 < · · · and
each Xni contains a closed copy of Xi . Put X
∗ =∏{Xni : i ∈ ω}. Then U contains a closed copy of X∗ . Clearly, X∗ contains a
closed copy of X . Hence, X is a u-homogeneous space.
If X is a space of ﬁrst category, then X is h-homogeneous by virtue of Corollary 1. When X contains a dense complete
subspace we apply Theorem 14. 
Theorem 25. If X ⊆ B(k) and X has the Baire property in B(k), then Xω is an h-homogeneous space. Moreover, Xω either is of ﬁrst
category or contains a dense complete subspace.
Proof. If X has a dense complete subspace, then Xω is the same. If X has no a dense complete subspace, then there exists
a nonempty clopen subset U ⊆ X of ﬁrst category. From the Ostrovsky result (see [10, Lemma 2]) it follows that Xω is of
ﬁrst category. It remains to apply Theorem 24. 
Using the standard method (see, for example, Hansell [9] or Ostrovsky [10]), we obtain the following lemma.
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Proof. Let w(X) = k and X ⊆ B(k). Letting 
 denote the usual metric on B(k). We ﬁrst consider the case when A is an
open subset of X . Take a sequence y1, y2, . . . of points converging to a point y0 such that yi = y j whenever i = j. Put
S =⋃{yi: i ∈ ω}. Deﬁne a mapping f : X → S by the rule f (x) = y0 if x ∈ X \ A; or f (x) = yi if x ∈ A and 
(x, X \ A) = i−1.
Clearly, f is continuous and A = f −1(S \ {y0}).
Now, let A =⋂{Ai: i ∈ ω}, where each Ai is open in X . As above, for each i ∈ ω take a continuous mapping f i : X → Si
satisfying Ai = f −1i (Si \ {y0}), where each Si = S . Then the diagonal mapping
f = i∈ω f i : X →
∏
{Si: i ∈ ω}
is continuous and satisﬁes A = f −1(S∗) providing ∏{Si \ {y0}: i ∈ ω} is denoted by S∗ . The graph G( f ) is closed in
X ×∏{Si: i ∈ ω}. Then the intersection Y = G( f ) ∩ (X × S∗) is a closed subset of X × S∗ . Clearly, A ≈ Y . Since S∗ ≈ B(ω),
we observe that A is homeomorphic to a closed subset of X × B(ω). 
Theorem 26. Let X be an h-homogeneous space of ﬁrst category, X × X ≈ X, Y be a non-compact space, and A be a Gδ-subset of
X × Yω . Then A × X × Yω ≈ X × Yω .
Proof. Since Y is a non-compact space, Y contains a closed discrete subset D of cardinality ω. Then Dω ≈ B(ω) is a closed
subset of Yω . From Lemma 9 it follows that A is homeomorphic to a closed subset of the product (X × Yω)× Yω ≈ X × Yω .
Now apply Theorem 23. 
Corollary 11. Let Xω be a space of ﬁrst category and A be a Gδ-subset of Xω . Then A × Xω ≈ Xω .
Theorem 27. Let Y be a Gδ-subset of Xω for a non-compact space X. Let both X and Y have dense complete subspaces. Then
Y × Xω ≈ Xω .
Proof. Let w(X) = k. If X ∈Gδ , we have Xω ≈ B(k) ≈ Y × Xω .
Now, let X /∈ Gδ . By G we denote a dense complete subspace of X . Let GY be a dense complete subset of Y . It is well
known that Y is homeomorphic to a closed subset of (Xω)ω ≈ Xω . Clearly, (Xω,Gω) ∈ B(Xω,k). Since GY × Gω ≈ B(k),
one easily veriﬁes that (Y × Xω,GY × Gω) ∈B(Xω,k). From Theorem 12 it follows that Y × Xω ≈ Xω . 
Corollary 12. Let Xi be a non-compact space with a dense complete subspace, where i ∈ {1,2}. If X1 is homeomorphic to a Gδ-subset
of X2 and X2 is homeomorphic to a Gδ-subset of X1 , then Xω1 ≈ Xω2 .
Proof. Since Xω1 is homeomorphic to a Gδ-subset of X
ω
2 , by Theorem 27 we have X
ω
1 × Xω2 ≈ Xω2 . Similarly, Xω2 × Xω1 ≈ Xω1 .
Then Xω1 ≈ Xω2 . 
Let us consider the family of extended Borel subsets of a space X . For an ordinal α let Σ0α(X) and Π
0
α(X) denote,
respectively, the extended Borel subsets of a space X of additive and multiplicative class α, starting with Σ01 (X) = Open and
Π01 (X) = Closed. When X = B(k), we shall write Σ0α(k) instead of Σ0α(B(k)) and Π0α(k) instead of Π0α(B(k)), respectively.
For each ordinal α<k+ , Hansell [9] obtained sets Mα(k) ⊂ B(k) and Aα(k) ⊂ B(k) of multiplicative and additive class α,
respectively, and which are not of any lower class. Recall the construction. Fix homeomorphisms g : B(k)ω → B(k) and
h : (kB(k))ω → B(k). Let M1(k) be any (ﬁxed) one-point subset of B(k) and A1(k) = B(k) \ M1(k). If α = β+1, we deﬁne
Mα(k) = g((Aβ(k))ω) and Aα(k) = B(k) \ Mα(k). If α is a limit ordinal, we ﬁrst deﬁne Dα(k) =⊕{Aβ : β < α} ⊂ kB(k), and
put Cα(k) = kB(k)\ Dα(k). Then Mα(k) = h((Cα(k))ω) and Aα(k) = B(k)\Mα(k). Thus the sets Mα(k) and Aα(k) are deﬁned
for all α < k+ . For example, M2(k) ≈ B(k).
By construction, we always have (Mα(k))ω ≈ Mα(k) and w(Mα(k)) = k if α > 1. Clearly, each Mα(k) has the Baire
property in B(k). Applying Corollary 6 or Corollary 10, we see that each Mα(k) is h-homogeneous.
We now generalize Lemma 9.
Lemma 10. Let α < τ+ . For a space X, every Π0α(X)-set is homeomorphic to a closed subset of X × Mα(τ ) and every Σ0α(X)-set is
homeomorphic to a closed subset of X × Aα(τ ).
Proof. Consider Y ∈ Π0α(X). Hansell established (see [9, Lemma 2.18]) that there exists a continuous mapping f : X → B(τ )
such that Y = f −1(Mα(τ )) in the case X = B(p) for any cardinal p. But if we repeat his proof with replacing the Baire
space B(p) by X , we obtain the same proposition. For example, the proof of Lemma 9 gives us the cases α = 1 and α = 2
for τ = ω. Next, the graph G f is closed in X × Mα(τ ). Then the intersection Z = G f ∩ (X × Mα(τ )) is a closed subset of
X × Mα(τ ). Clearly, Z ≈ Y . The proof of the second part of the lemma is similar. 
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Theorem 28. Let 3 α < k+ and X ∈ Π0α(k). Then X × Q × Mα(k) ≈ Q × Mα(k).
Remark 6. Since Mα(k) is an h-homogeneous space with the Baire property, we see that Mα(k) is either of ﬁrst category, or
contains a dense complete subspace. In the former case we deﬁne MIα(k) = Mα(k) and MIIα(k) to be the b-homogeneous ex-
tension of weight k of the space Mα(k). Then by Theorem 4, MIα(k) ≈ Q ×MIIα(k). In the latter case we deﬁne MIIα(k) = Mα(k)
and MIα(k) = Q × Mα(k); then by Theorem 15, MIIα(k) is the b-homogeneous extension of weight k of the space MIα(k). No-
tice that the smallest ordinal α for which the space Mα(k) is of ﬁrst category is equal to 3.
From Theorem 28 it follows that the space MIα(k) ≈ Q × Mα(k) contains a closed copy of any Π0α(k)-set. Then the space
MIIα(k) is the same because M
II
α(k) contains a closed copy of M
I
α(k) if α  3.
Hence, Lemma 10 holds if we replace Mα(τ ) by MIα(τ ) or by M
II
α(τ ).
In the case α = 2 we have MII2(k) ≈ B(k) and MI2(k) ≈ Q × B(k). Clearly, (MI2(k))ω is not homeomorphic to MI2(k).
To keep the property MIα(k) ≈ (MIα(k))ω , we shall use below the sets MIα(k) and MIIα(k) for α  3.
In the separable case from the results of van Engelen [8] it follows that MI3(ω) ≈ Q ω and MII3(ω) ≈ Sω , where the van
Mill space S is described in Introduction.
Theorem 29. Let 3 α < τ+ and τ  k. Then B(k) × MIα(τ ) ≈ MIα(k) and B(k) × MIIα(τ ) ≈ MIIα(k).
Proof. By Lemma 10, MIα(k) is homeomorphic to a closed subset of X = B(k) × MIα(τ ). Note that X ≈ Xω is an h-
homogeneous space of ﬁrst category. On the other hand, by virtue of Theorem 28, as a universal space MIα(k) contains
a closed copy of X . From Theorem 4 it follows that X ≈ MIα(k). The ﬁrst part of the theorem is proved.
Since the b-homogeneous extensions of weight k of homeomorphic spaces are homeomorphic, to complete the proof it
suﬃces to show that(
B(k) × Y , B(k) × G) ∈B(X,k)
if (Y ,G) ∈ B(MIα(τ ), τ ). Clearly, B(k) × G ≈ B(k) is dense in B(k) × Y . Take a closed subset F ⊂ B(k) × Y with
F ∩ (B(k) × G) = ∅. Then F ∈ Π0α(k). Hence, F is homeomorphic to a closed subset of MIα(k) ≈ X . So, F is an X-scattered
space. Now, each open set U ⊂ B(k) × Y contains a clopen subset U1 × U2, where U1 is clopen in B(k) and U2 is clopen
in Y . By deﬁnition, there exists a closed subset F2 ⊆ U2 such that F2 ∩ G = ∅ and F2 ≈ MIα(τ ). Then
F = U1 × F2 ≈ B(k) × MIα(τ ) ≈ MIα(k)
and F ∩ (B(k) × G) = ∅. So, (a4) is satisﬁed. 
Theorem 30. Let 2 α < τ+ and ω τ  k. Let Y ∈ Π0α+1(k), w(Y ) = k, and Y contains a closed copy of Aα(τ ). Then:
(1) Yω ≈ MIα+1(τ ) × B(k) ≈ MIα+1(k) if Y has no a dense complete subspace,
(2) Yω ≈ MIIα+1(τ ) × B(k) ≈ MIIα+1(k) if Y contains a dense complete subspace.
Proof. Case 1. Since Y has the Baire property, there is a nonempty clopen subset of Y of ﬁrst category. Then Yω is a space
of ﬁrst category (see [10]). By Corollary 10 Y is h-homogeneous. Clearly, Yω ∈ Π0α+1(k). Lemma 10 and Remark 6 imply that
Yω is homeomorphic to a closed subset of B(k) × MIα+1(τ ). By deﬁnition, Mα+1(τ ) = (Aα(τ ))ω . Then Yω contains a closed
copy of MIα+1(τ ). Since w(Yω) = k, Yω contains a closed copy of B(k) = kω . Using Yω ≈ Yω × Yω , we conclude that Yω
has a closed subset F ≈ B(k) × MIα+1(τ ). From Theorems 4 and 29 it follows that Yω ≈ MIα+1(τ ) × B(k) ≈ MIα+1(k).
Case 2. By Corollary 6, Yω is an h-homogeneous space with a dense complete subspace. As above, Yω is homeomorphic
to a closed subset of B(k)×MIIα+1(τ ) and contains a closed copy of B(k)×MIIα+1(τ ). Applying Corollary 12 and Theorem 29
we obtain Yω ≈ B(k) × MIIα+1(τ ) ≈ MIIα+1(k). 
Corollary 13. Let ω τ  k. Then (T (k, τ ))ω ≈ (S(k, τ ))ω ≈ (R(k, τ ))ω ≈ MII3(ω) × B(k).
Proof. By Theorem 1, the space T (k, τ ) contains a closed copy of the space Q of rational numbers. Then Y = (T (k, τ ))ω
contains a closed copy of Q ω ≈ MI3(ω). Note that as a universal space Q ω contains a closed copy of A2(ω), Y ∈ Π03 (k), and
MII3(ω) is the b-homogeneous extension of weight ω of Q
ω . It remains to apply the second part of Theorem 30. In the same
way, one can check that (S(k, τ ))ω ≈ (R(k, τ ))ω ≈ MII3(ω) × B(k). 
Corollary 14. Q ω(k) ≈ Q ω × B(k).
Proof. The proof of the corollary is similar to the proof of Corollary 13 if we use the ﬁrst part of Theorem 30.
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(1) Yω ≈ MIα(τ ) × B(k) ≈ MIα(k) if Y has no a dense complete subspace,
(2) Yω ≈ MIIα(τ ) × B(k) ≈ MIIα(k) if Y contains a dense complete subspace.
Proof. The proof of the theorem is similar to the proof of Theorem 30. 
Note that in the following theorem the space X might not be an absolute analytic space.
Theorem 32. Let 2 α < τ+ and τ  k. Let X and Y be both subspaces of B(k) with the Baire property, X contains a closed copy of
Aα(τ ), Y ⊂ X, and Y ∈ Π0α+1(X). Then:
(1) Yω × Xω ≈ Xω if X has no a dense complete subspace,
(2) Yω × Xω ≈ Xω if X has a dense complete subspace and Y has a dense complete subspace,
(3) Yω × Xω ≈ Q × Xω if Y has no a dense complete subspace.
Proof. Lemma 10 implies that Yω is homeomorphic to a closed subset of Xω ×Mα+1(τ ). Since Mα+1(τ ) = (Aα(τ ))ω , Yω is
homeomorphic to a closed subset of Xω . Then Yω × Xω is the same.
In the ﬁrst case we see that Xω is of ﬁrst category. Then the theorem follows from Corollary 10. In the second case we
apply Theorem 27. In the third case the space Yω × Xω is of ﬁrst category and we apply Theorem 4. 
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